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Motivation: Steiner Tree Problem

terminals

network (tree)

▶ Given fixed terminals,
find the shortest
connected network
spanning them.

▶ Extra junctions are
allowed; cycles are
wasteful.

Gilbert and Pollak 1968
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Motivation: Rapidly Exploring Random Trees
▶ Given start and goal

states, find a
collision-free path
through obstacles.

▶ Grow one rooted
tree by sampling the
space and extending
from the nearest
existing vertex.

▶ Once the goal is
reached, recover the
path by following
parent links.

Simulation generated with the
RRT algorithm LaValle 1998.
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Cubical Sets

▶ X = {X1, . . . , Xm} is a cubical
set (complex), where

|Xi| =
[
l1 − 1

2 , l1 + 1
2

]
× · · ·

×
[
ld − 1

2 , ld + 1
2

]
(l1, . . . ld) ∈ Zd.

▶ |X| :=
⋃m

i=1 |Xi| denotes the
geometric realization of X.
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Regular Points

▶ Given a subset A of Rd, a
point x ∈ A is called a regular
point of A, if and only if
▶ It is an interior point of

A , or
▶ The set Bε(x) ∩ A \ {x}

is contractible for all
ε > 0 small enough.
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Clumps

A cubical set X is called a clump if it is regular and its geometric
realization |X| is contractible.

clump irregular not contractible

d = 2

d = 3
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Indent/Expand actions

X

X X \ X

indent through X

expand through X

The clump X is called indentable through X ∈ X if
▶ X \ X is a clump and
▶ ∃ a strong deformation retraction f : |X| × [0, 1] → |X| from |X| to

|X \ X| satisfying f(x, t) ∈ |X| for all x ∈ |X| and t ∈ [0, 1).

The clump X is called expandable through Y /∈ X if
▶ X ∪ Y is a clump indentable through Y .
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Disallowed Indent Actions

X

X is a clump

remove X

X \ X is not contractible
and hence is not a clump

X

X is a clump

remove X

X \ X has an irregular point
and hence is not a clump
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Lemma 1.
Whether a clump is indentable or not through one of its cubes is
“locally decidable”.
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Theorem for the planar case

Theorem 2.
In d = 2, every clump has at least two cubes through which it is
indentable.

Proof Idea.
▶ We can roughly categorize the clumps as the “branchy” ones and

“round” ones.
▶ For round ones, find two cubes on the border whose removal

neither disconnects the clump nor creates a hole.
▶ For branchy ones, the longest path looks like a “line,” and its

first and last cubes are indentable.
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Theorem does not extend to d ≥ 3.

Example. Bing’s house
(house with two rooms).

It is a clump, but is not
indentable.

Shermer’s cubical complex, dissected view.

O’Rourke (2011); Shermer (1988).

Efe Onaran (U Penn) Ising Disks 11
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A Markov Process on Clumps

▶ X0 =
{[

−1
2 , 1

2

]d
}

.

▶ Exponential clocks on all the points in Zd.
▶ When a clock ticks at time t for a point in the cube X,

▶ If X ∈ Xt, X ̸=
[
−1

2 , 1
2

]d
, and Xt is indentable

through X:

Xt+ = Xt \ X with probability p↓

▶ If X /∈ Xt and Xt is expandable through X:

Xt+ = Xt ∪ X with probability p↑
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d = 2
Theorem 3.
For d = 2, the Markov process is irreducible. Furthermore, it is
ergodic if β := p↓

p↑
> κ ≈ 3.9709 with stationary distribution

Π(X) ∝
{

β− card(X) if X is a clump,
0 otherwise.

▶ β: “inverse-fugacity”
▶ κ is the “connectivity constant” of the “self-avoiding

polygons”.
▶ Note every planar clump defines a self-avoiding polygon

through its boundary.
▶ Let an be the number of self-avoiding polygons of area-n.

Due to “sub-additivity”,

lim
n→∞

n
√

an = κ.
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β > κ
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β < κ
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β ≪ κ
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Steiner Tree sampling
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Rare events in β > κ case

ζT
i := “ith time the clump reaches of size T

after reducing to single square”

ηT := expected recurrence time to single square
P[clump reaches of size T in the first recurrence]

The counting process NT :=
∑
i≥1

δζT
i /ηT

.

Theorem 4.
If β > κ then

NT
d−−−−→

T →∞
N∗.

N∗: the homogeneous Poisson point process on the nonnegative
real line with unit intensity.
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How does ηT scale?

Lemma 5.

lim inf
T →∞

(ηT )1/T ≥ β

κ
.

Conjecture 6.

lim
T →∞

(ηT )1/T = β

κ

electrical network
representation

(0, 0)

(0, 0)

C
=

β
2 /K

C
= β

3 /K

(0, 0)

C = β
2 /K

C
= β

3 /K

(0, 0)

C = β 2
/K

C
= β

3 /K

(0, 0)

C
=

β 2
/K

C
= β

3 /K

layer-1 layer-2
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Future Work

▶ For d = 2, what if we relax the clump definition to “local”
homeomorphism?

▶ Injectivity is not required.
▶ Boundary now defines a “distorted disk”.

Shor and Van Wyk, Detecting and Decomposing Self-Overlapping Curves, Figure 1.
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Initial Progress

▶ How to “discretize”?
▶ Self-overlapping polygons?

lattice net G

2 3

4

567

8

10

11

v1, v9
loc(v1) = loc(v9)

ΦG

geometric realization

distorted disk
double-covered square
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Initial Progress

grid line representation
geometric realization

distorted disk
double-covered square
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Questions

Question 1.
Does ΦG define a bijection between lattice nets and distorted
(discrete) disks?

Question 2.
Is every distorted discrete disk (or lattice net) indentable?

Question 3.
Does the connectivity constant change?
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