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Spatial Birth Death Processes

Q: a probability measure on R¢, with bounded density g,
continuous a.e.

A
) ~ Po(nQ(4))
* Poisson Point Process
* B ~ Po(nQ(B))
t=20
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Spatial Birth Death Processes

Q: a probability measure on R¢, with bounded density g,
continuous a.e.

A Plz dies] = At

~ Po(nQ(A))
. A ~ Po(nAtQ(A))
* B ~ Po(nQ(B))
[t,t + At)
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Spatial Birth Death Processes

Q: a probability measure on R¢, with bounded density g,
continuous a.e.

A Plz dies] = At

~ Po(nQ(A))
. A ~ Po(nAtQ(A))
B ~ Po(nQ(B))
’ ° M (1)
[t, t+ AI‘)
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Functionals of Interest - 1

falt) = D &a(S)

SCnu(t)

for &, : Fin(RY) — [0, 00) s.t.
» Fixed Size: &, (S) =01if |S| # k
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Functionals of Interest - 1

fa®) =Y &r(S)
SCnn(t)
for &, : Fin(RY) — [0, 00) s.t.
» Fixed Size: &, (S) =01if |S| # k
» Local: 3p > 0 s.t. diam(S) > pr implies & ,(S) =0
» Trans. and Scale Inv.: § (a8 + ) = &4 /0 (S)
» Bounded: supé ,(S) < .
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Functionals of Interest - 1

fa(t) = Z fk,r(s)
SCn(t)
for &, : Fin(RY) — [0, 00) s.t.
» Fixed Size: §,(S) =0if [S| # k
» Local: 3p > 0 s.t. diam(S) > pr implies & (S) =0
» Trans. and Scale Inv.: & (a8 + ) = & r/a(S)
» Bounded: supég ,(S) < .

\

&kr(S) = 1{S is isomorphic to G}
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Functionals of Interest - I1

Z gkr ]l{nn \S)QN(S) @}

SCn(t)

for N, : Fin(R?) — Leb(R%) s.t
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Functionals of Interest - I1

Z gkr ]l{nn \S)QN(S) @}

SCn(t)

for N, : Fin(R?) — Leb(R?) s.t.
» Trans. and Scale Inv.: Ny (aS+7) = aN,.(S) + 7
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Functionals of Interest - I1

Z gkr ]l{nn \S)QN(S) @}

SCn(t)

for N, : Fin(R?) — Leb(R?) s.t.
» Trans. and Scale Inv.: Ny (aS+7) = aN,.(S) + 7
» Local: 38 > 0 s.t. for all S € Fin(R%)

diam (N, (S)) < Bmax (r, diam(S))
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Functionals of Interest - I1

Z gkr ]l{nn \S)QN(S) @}

SCn(t)

for N, : Fin(R?) — Leb(R?) s.t.
» Trans. and Scale Inv.: Ny (aS+7) = aN,.(S) + 7
» Local: 38 > 0 s.t. for all S € Fin(R%)

diam (N, (S)) < Bmax (r, diam(S))
» Feasibility: 3 a nonempty open set B C (R?)*~1 s.t.
gk,l(oa Yty-- oy yk—l) vol [Nl(oa Ytyeo oy yk—l)] >0

for all (y1,...,yx—1) € B.
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Functionals of Interest - 11

Z ékr ]l{nn \S)HN(S) @}

SCnu(t)
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Results

ey O B0 5y Fa(t) —E[

=

(4)]

var| fn(t)] ' var[Fy,

—~

t))
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Results

; fo(t) = E[fn(t)] - Fn(t) — E[F(1)]

fu(t) = var(f, (t)] Falt) = var[Fy,(t)]

> n—o0,r—0

» Thermodynamic regime: lim nr? = v € (0, 00).
n—oo
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Results

e o I “EUa®] 5 0 Falt) ~ E[Fa(0)]
Il var[f, (t)] Falt) var[Fy ()]

> n—o0,r—0
» Thermodynamic regime: lim nr? = v € (0, 00).
n—oo

{Uy(t) : t > 0}: Ornstein-Uhlenbeck process with covariance
cov|Uy(t1),Us(t2)] = o—Rlti—ta]
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Results

e o I “EUa®] 5 0 Falt) ~ E[Fa(0)]
Il var[f, (t)] Falt) var[Fy ()]

> n—o0,r—0
» Thermodynamic regime: lim nr? = v € (0, 00).
n—oo

{Uy(t) : t > 0}: Ornstein-Uhlenbeck process with covariance
cov[Uy(t1),Ux(t2)] = o—Rlti—ta]

Theorem 1.

k

{fult) 620 B IS gty >0,
j=1

for some c; > 0.
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Results (cont.)

r — fn(t) B E[fn(t)] F — Fn(t) B E[Fn(t)]
ful) var|f, (t)] n(t) var[Fy,(t)]

> n—oo,7r—0
» Thermodynamic regime: lim nr? = v € (0, 00).
n—oo

{U,(t) : t > 0}: Ornstein-Uhlenbeck process with covariance
cov[U(t1),Us(t2)] = o—rlti—ta|
Theorem 2.

(F,(t) :t>0} 3 icjuj(t):tzo :
j=1

for some c; > 0. Furthermore, the limiting process has a.s.
continuous paths.
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Proof Idea

1. Convergence of finite dimensional distributions

2. Tightness
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Proof Idea

1. Convergence of finite dimensional distributions
» Cramer-Wold

Zwifn(ti) = Z &k (S) Zwi 1{Each point in S alive at ¢;}
i=1

Sscn(n,T) i=1

forall0<t; < ... <, <T.

2. Tightness
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Proof Idea

1. Convergence of finite dimensional distributions
» Cramer-Wold

Zwifn(ti) = Z &k (S) Zwi 1{Each point in S alive at ¢;}
i=1

Sscn(n,T) i=1

forall0<t; < ... <, <T.

. n(n,T)

. n(1+71)Q

0 h tr &5 T
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Proof Idea

1. Convergence of finite dimensional distributions
» Cramer-Wold

m

Zwifn(ti) = Z &k (S) Zwi 1{Each point in S alive at ¢;}
i=1

Sscn(n,T) i=1

forall0<t; < ... <, <T.

» Normal approximation for Poisson functionals

2. Tightness
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Proof Idea

1. Convergence of finite dimensional distributions
» Cramer-Wold

m

Zwifn(ti) = Z &k (S) Zwi 1{Each point in S alive at ¢;}
i=1 Scn(n,T) i=1

forall0<t; < ... <, <T.

» Normal approximation for Poisson functionals

2. Tightness
> 4t moment bounds.
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Normal Approximation for Stabilizing Functionals
(Lachieze-Rey, Schulte, and Yukich 2019)

H, = Z hon (2, 1)
TENn
Corollary 2.2

Assume that (hyp)n>1 are stabilized with o decaying radius, and
have bounded (4 + €)th moment. Assume also sup " < C for
n>1 "

some C' > 0. Then

H,-EH, C’
d —— 7| < —— forn>1,
KOl( v/var Hy, ) ~ var H, J -

for some C" > 0 where Z ~ N(0,1).
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Moment Calculations - Definitions

Definition (Intersection Pattern)

Let T, denote a collection of natural numbers indexed by
nonempty subsets of [{] = {1,..., 4}, i.e. Ty = (1) c(e,5+0-
Given a sequence of sets Si, ..., Sy € Fin(R?), suppose that for
all nonempty J C [¢] we have

As || NS || =1r
jeJ i¢J

In this case we say that Sy, ...,Sy obey the intersection
pattern Z;, and denote this by (Si,...,S¢) € Zy. Set

)= I =[S U---US.
J
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Moment Calculations - Definitions

Definition

Given a sequence of points x = (x1,

7 (x) = (T3, ...

be a splitting of the tuple x into (T, ..

but fixed manner.

e ,33‘1-|) m Rd, let
Te)

. Te) € Z, in an arbitrary

V.
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Moment Calculations - Key Lemmas

Lemma (Generalized Mecke Equation)

E| S Y hSm) LS € T}| = nl?IE [h(Iz(X), X U

Sl Cnhn S{ Cnn

where S = (Sy,...,8), and X is a tuple of |I| iid points in R,
with density q, and independent of n),.

v
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Moment Calculations - Definitions

Definition

Let #71 denote the number of connected components in the
intersection graph of I, i.e., the graph with £ nodes, where each
node pair (i,7) is connected by an edge if and only if

|7: N T;| > 0.
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Moment Calculations - Key Lemmas

Lemma (Moments of local functions)

Let T =1y be an intersection pattern, such that if

(S1,...,80) € Iy then |Sj| = kj > 2 for every 1 < j < /. Let X
be a sequence of |I| iid points in R? with density q, and let
(Ti,...,Te) =z(X). Then

14
E Hgkj,r(ﬁ) = pd(IZI=#1)
j=1
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Tightness

By Theorem 13.5 of Convergence of Probability Measures

(Billingsley 1999), sufficient condition for tightness of X, (t):

E [(Xn(t) = Xu(5))*(Xu(s) = Xu(r))?] < Ot —1)°

for all 0 <r < s <t and a constant C' > 0.
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Efe Onaran (Technion)

Thank you.

Functional CLT's for Spatial Birth Death Processes
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Normal Approximation for Stabilizing Functionals
(Lachieze-Rey, Schulte, and Yukich 2019)

Definition (Decaying stabilization)
Let R, > 0 with limsupn(R,)? < co. We say that R, is a

n—,oo
radius of decaying stabilization for the (local) function

hy : R% x Fin(RY) — R, if, for all z € R? and Y € Fin(R?),
hn(z, (Y Uz) N B(z, Ry)) = hy(z,Y Uz)

where B(z,)\) = {z € R%: |z — x| < A} for x € R% and )\ > 0.
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Infinite superposition of OU processes can be
discontinuous!

E. Csaki, M. Csorgé, Z. Y. Lin, and P. Révész (1991). “On
infinite series of independent Ornstein-Uhlenbeck processes”.
Stochastic Process. Appl.
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Continuity of F},(t)

Continuity criterion:

> A stationary Gaussian process X () is a.s. path-continuous
if there exists a non-decreasing function ¢ (h) such that

E [(X(h) — X(0))?] <¢*(h) and / (e )dz < oo.

Due to
Xavier Fernique (1964). “Continuité des processus
Gaussiens”. C. R. Acad. Seci. Paris
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